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ABSTRACT
We ompute the eetive potential of a system omposed by a Dp
brane and a separated Dp brane at tree level in string theory. We
show expliitly that the tahyon ondenses and that the salars
whih desribe transverse utuations aquire a vev proportional
to the distane.
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1 Introdution.
Sine the beginning of the seond string revolution most of the researhes have
been devoted to the BPS spetrum sine the BPS states an be reliably followed
from the weak to the strong regime. In the last period a mounting attention
has been dediated to non BPS states whih annot deay beause of some
symmetries or beause of some topologial obstrution ([4℄,[5℄,[6℄,[8℄,[9℄). Many
of these states have been onstruted as bound states of brane-antibrane systems
with a topologially non trivial gauge onguration: it has then been shown that
these non BPS ongurations are lassied by the appropriate K-groups of the
spaetime where the branes are living. It has also been argued ([5℄) that when
the tahyon whih is present in these systems ondenses the vauum energy is
equal and opposite to the brane tension, in suh a way that the system energy
density is the same of the spaetime vauum.
Our purpose is to perform an expliit tree level omputation of the eetive
potential on the brane belonging to a system made of a Dp and a parallel,
separated Dp in type II theory. A similar omputation for the aseDp−D(p+2)
has already been performed in ([3℄) where the omputation turned out to be
quite tehnial beause they onsidered the branes oinident and they should
swith on a onstant magneti eld in order to be able to ontrol the tahyon
mass and then extrat the exat quarti oupling for the tahyon. We will use
a dierent approah and we will onsider separated branes in suh a way that
the tahyon mass beomes zero at a ertain distane whih we all the ritial
distane. It turns however out that this is not stritly neessary and we are able
to determine the quarti tahyoni potential for all the distanes in an interval
around the ritial distane, i.e. for all the possible tahyoni mass suh that
α′m2 → 0 as α′ → 0, in a unique way without any assumptions. In order to
have a better hek of our omputations we will onsider a ompat spae in the
brane diretions and we will swith a onstant gauge eld on in these diretions.
The paper is organized as follows. In setion 2 in order to x our notations
we write the CFT of a bosoni string with total harge not zero propagating on
R ⊗ TD−1 with a onstant gauge eld bakground. In setion 3 we write the
CFT for a system omposed by a brane and a separated antibrane in the bosoni
string, in partiular we write the vertex operator whih reates the tahyon
present in suh a onguration. In setion 4 we perform the main omputation
and we derive the oeients entering the eetive lagrangian. Finally in setion
5 we write expliitly the eetive potential and we derive our onlusions. In a
series of appendies we arefully write down our onventions, perform the QFT
omputations whih are neessary to ompare the string amplitudes and write
down the vertex operators whih we use.
1
2 The CFT of an open bosoni string on a toroidal
spae with onstant Wilson lines.
We start onsidering the ation for a open bosoni string in a bakground with
onstant Wilson lines using the Polyakov formalism
S = − 1
4piα′
∫
d2ξ
√−g gαβ∂αXµ∂βXνGµν+e0
∫
aµ dX
µ+epi
∫
aµ dX
µ
(2.1)
with Gµν the metri of the spae R⊗ TD−1 and e0 + epi 6= 0.
If we limit to onsider the dieomorphisms whih leave unhanged the range
of the spatial oordinate ξ1 ≡ σ as [0, pi] then both δ(σ) d2ξ and δ(pi − σ) d2ξ
are well dened and dieomorphism invariant, so that the previous ation (2.1)
an be rewritten as
S = − 1
4piα′
∫
d2ξ
[√−g gαβ ∂αXµ∂βXν Gµν + (−4piα′) (e0 δ(σ) + epi δ(pi − σ)) aµ ∂0Xµ]
(2.2)
In this form it is evident that the Virasoro onstraints are unhanged while the
anonial momentum gets a ontribution from the Wilson lines.
In partiular hoosing the onformal gauge we get the usual solution for the
equations of motion:
Xµ = xµ + 2α′pµτ + i
√
2α′
∑
n6=0
1
n
αµne
−inτ cosnσ (2.3)
whih yields the usual hamiltonian
H = L0 = α
′p2 +
∞∑
n=1
α−n · αn (2.4)
but the anonial momentum
Πµ =
∂L
∂X˙µ
=
1
2piα′
X˙µ + (e0 δ(σ) + epi δ(pi − σ)) aµ
gets shifted
2
. While the shift of the non zero modes has not eet, the shift on
the zero mode implies that the eigenvalues of pi are not the usual
ni
R(i)
but they
are
ni
R(i)
+pi (e0 + epi) ai beause the true onjugate momenta to the x
µ
variables
are
pi0µ = pµ + pi (e0 + epi) aµ, [x
µ, pi0ν ] = i δ
µ
ν
whose eigenstates |kµ >, pi0µ|k >= kµ|k >, have the usual eigenvalues ki =
ni
R(i)
beause of the ompatness of the spatial diretions.. This has the impor-
tant onsequene that the vauum of the theory |Ω(a) >has not zero energy, i.e.
it is not annihilated by L0 generator (2.4). Moreover for some peuliar values of
2
We use the expansion Πµ =
1
pi
∑
pinµ cos nσ
2
(e0 + epi) ai the vauum is degenerated, more expliitly for every spatial dire-
tion i0 suh that pi (e0 + epi) ai0 =
2l+1
2R(i0)
with l ∈ Z we have a U(1) degeneration
sine all |Ω(a), θ >= cos(θ)|k = −l > +sin(θ)|k = −l − 1 >, where |k = l >
is shorthand notation for the eigenstate of pi0i0 with eigenvalue
l
R(i0)
, have the
same vauum energy.
The fat that the ground state |Ω(a) > is not the sl(2) invariant vauum
has another important eet, analogous to what happens in R setor of the
usual NSR theory and whih an be exemplied by the following orrespondene
between the tahyoni state and its vertex operator:
|k,Ω(a) >= eik·x|Ω(a) >←→ Vtach(k; a;x) =: ei(k+pi(e0+epi)a)·X(x) : (2.5)
α′ (k + pi (e0 + epi) a)
2
= 1 (2.6)
where the shift in the momentum in the exponent of the vertex operator is funda-
mental for getting an operator with onformal dimension one, as one an easily
verify using the expliit expression for T (z) and OPEs whih are unhanged
w.r.t. the ase without Wilson line and the mass shell ondition (2.6).
3 The CFT of two separated bosoni branes.
We want now to write down the verties desribing open string states assoiated
with a system of two parallel separated branes or with a system of separated
brane-antibrane.
If we solve the equations of motion assoiated with the free bosoni ation
with some diretions i ∈ {0, . . . , p} with Neumann boundary ondition and
the remaining diretions a ∈ {p+ 1, . . . , D − 1} satisfying Dirihlet boundary
ondition we would get that the D diretions an be expanded in modes as
Xa = ca +
∆a
pi
σ +
√
2α′
∑
n6=0
1
n
αane
−inτ sinnσ (3.1)
If we perform a anonial analysis of the system we would naively nd that ca
and ∆a are pure numbers without orresponding onjugate momenta. Never-
theless if we use Polhinski's trik ([1℄), i.e. we start with Y a = XaL(z) +X
a
R(z)
(z = ei(τ+σ), z = ei(τ−σ) ) with Neumann boundary ondition and with expan-
sion in modes as in eq. (2.3) and the we perform a T-duality by letting
XaR(z)→ −XaR(z) (3.2)
we reover the wanted Dirihlet expansion (3.1) with the further information
that
∆a
pi
≡ 2α′paN , [ya, pbN ] = iηab (3.3)
whih inform us that
∆a
pi
is atually an operator whose onjugate operator is
given by
1
2α′ y
b
. This result is ompletely analogous to what happens in toroidal
3
ompatiation in losed string theory where the winding number turns up to
be an operator only when the T-dual formulation is onsidered.
Let us now exam the stress-energy tensor of this system; it is given by the
by now well known expression
H = L0 = α
′pipi +
1
4α′
∆a∆a
pi2
+
∞∑
n=1
α−n · αn (3.4)
whih an be trivially obtained from eq. (2.4) using the mapping (3.2).
The point with previous expression eq. (3.4) is that given a system brane-
(anti)brane separated by a distane δa the ground state | δ > is not sl(2) invari-
ant, i.e. the energy vauum is not zero beause of this it an be reated from
the sl(2) invariant vauum | 0 > by ating with ya, expliitly
| δ >= ei δpi · y2α′ | 0 >=
(
: ei
δa
2α′pi
Y a :
)
(0)| 0 > (3.5)
This is somewhat analogous to the relation between the R setor vauum and
the NS vauum.
As a onsequene of this the mapping between states and verties is a little
dierent from what naively we ould have expeted; let us onsider for example
the tahyoni state | ki, δa; ca > where the mass-shell ondition is α′kiki =
1 − δaδa4α′pi2 , then the vertex operator whih reates it from the sl(2) vauum is
given by (a kind of Chan-Paton fator has to be understood in order to keep
trak of the point where the string begins)
Vtach(k, δ;x) =: eikiXi(x) : : ei
δa
2α′pi
Y a(x) : (3.6)
where it is important to notie the presene (not a priori obvious ) of the o-
ordinate expansion Y a with Neumann boundary ondition in the diretion in
whih we have imposed Dirihlet boundary ondition; this is very important
sine it assures that the vertex has the proper onformal dimension one. In few
words we an say that we use the old NSR tahyon vertex operator where we
reinterpret part of the momentum omponents as distane.
4 The potential of a brane-antibrane system in
type II theory
We have now all the ingredients neessary to write down the vertex operators
whih desribe the elds relevant to a low energy desription of the system made
by the parallel ouple Dp−Dp:
• the U(1) eld living on the brane Ai and the orresponding living on the
antibrane Ai ;
• the salar elds desribing the transverse osillations φa and the orre-
sponding living on the antibrane φa ;
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• the tahyoni eld T desribing the open string strethed between the
brane and the antibrane and its harge onjugate T whih desribes the
open string with the opposite orientation.
Their expliit form is given in app. C: we do not write them here beause we
do not need them for our explanation.
For these elds we an write down the most general quarti eetive la-
grangian with at most two derivatives either as a lagrangian dened on the
brane
LDp = −1
4
F ijFij − 1
2
∂iφa∂
iφa −DiT DiT −m2TT
−νaφaTT − νabφaφbTT − νabcd φaφbφcφd − λ
(
TT
)2
(4.1)
(Di = ∂i − ie Ai) plus the analogous lagrangian for the ation dened on the
antibrane when the brane and the antibrane an be distinguished or as a unique
lagrangian
L
Dp−Dp
= −1
4
F ijFij − 1
2
∂iφa∂
iφa − 1
4
F
ij
F ij − 1
2
∂iφa∂
iφ
a
−DiT DiT −m2TT − 2λ
(
TT
)2
−νaφaTT − νaφaTT
−νabφaφbTT − 2ν˜abφaφbTT − νabφaφbTT − νabcdφaφbφcφd − νabcdφaφbφcφd
(4.2)
(Di = ∂i−ieAi−ieAi ) when the brane and antibrane are undistinguishable. In
this latter ase we have not written the a priori possible potential terms mixing
φ and φ sine it is not possible to draw a piture of the orrespondig string
amplitude.
In both ases we an immediately x
νabcd = νabcd = 0
sine the subset of this theory made by the U(1) gauge eld and the salars an
be obtained by a dimensional redution of the N = 1 D = 10 super QED whih
is a free theory (moreover this an be heked by an expliit string omputation).
From the knowledge of the open string spetrum we an x the mass of the
tahyon when the branes are separated by a vetor δ = (δa), normal to the
brane and whose modulus is the distane, to be given by
−m2 = 1
2α′
−
(
δa
2piα′
)2
(4.3)
Our purpose is now to determine all the remaining oeients entering the
previous eetive lagrangians (4.1,4.2) and then study the eetive potential to
see whether the tahyon ondense and whether other phenomena take plae. To
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this purpose we rst ompute the 3-points amplitudes, then the 4-points ampli-
tudes and with the help of the fatorization property of the latter on dierent
hannels we determine the normalization of the vertex operators. Finally taking
the low energy limit we derive the wanted oeients as a funtion of the U(1)
oupling onstant e2.
In the following we partially use the notation of ([11℄), i.e. we denote by
W the ghosts and superghosts independent part of the orresponding vertex
operator V in −1 piture and similarly for V and the 0 piture, but we use the
more onventional normal ordering for the zero modes and we take the string
worldsheet to be the upper omplex plane.
4.1 The 3-points amplitudes with one brane eld.
We start omputing the TTAi amplitude in the F2 formalism and
A
TTAi
(k1; k2; k3, ζ; ai; δ) =
= C0 < 0|WT (k1; ai;x =∞)VT (k2; ai;x = 1)WA(k3, ζ;x = 0)|0 >=
= (2pi)p+1δ(
∑
k)
1
2
2α′C0N 2TNAV⊥ i
[
kˆ2 − k̂1
]
· ζ (4.4)
where kˆ2 = (k2 + pie0a), k̂1 = (k1 − pie0a), C0 is the tree level amplitude nor-
malization, NT ,NA are the vertex operators normalizations disussed in app. C
following ([10℄), e0 is, as before in eq. (2.1), the harge of the open string whih
desribes the (anti)tahyon, ai is the onstant bakground U(1) eld whih we
swith on on the brane and δ = (δa) is the distane between the brane and the
antibrane.
We an now ompare with the trunated amplitude omputed from (4.1) in
app. B:
< T (k1)T (k2)Ai(k3) >trunc= −i(2pi)p+1δ
(∑
k
)
ie
(
k̂1 − kˆ2
)
i
where kˆi = ki − eai and k̂i = ki + eai. This leads to the rst two relations
e = −α′C0N 2TNAV⊥ (4.5)
e = −pie0 (4.6)
whih relates the U(1) oupling onstant to the various normalization fators
and to the harge of the open string endpoint on the brane (see eq. (2.1)).
We an now proeed further and ompute the other non vanishing 3-point
amplitude whih desribes the oupling of the tahyon with the utuations
transverse to the brane:
A
TTφ
(k1; k2; k3, a; ai; δ) =
= C0 < 0|WT (k1; ai;x =∞)VT (k2; ai;x = 1)Wφ(k3, a;x = 0)|0 >
= (2pi)p+1δ(
∑
k) 2α′C0N 2TNAV⊥ i
δa
2piα′
(4.7)
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From the omparison of this amplitude with the orresponding one omputed
in QFT as done in app. B
< T (k1)T (k2)φa(k3) >trunc= −i(2pi)p+1δ
(∑
k
)
iνa
we nd that the parameter νa is proportional to the distane between the branes
in the diretion a; more preisely we get
νa = 2α
′C0N 2TNAV⊥
δa
2piα′
= −2e δ
a
2piα′
(4.8)
where we used eq. (4.5) to write the last identity.
4.2 The 3-points amplitudes with one antibrane eld.
We an now repeat all the omputations of the previous subsetion with the
substitution of the brane vertex operator with an antibrane vertex operator and
with the proper rearrangement of the tahyon and antitahyon vertex operators
whih is neessary to be able to draw the orresponding graph.
In partiular we an ompute the TTAi amplitude as done before and get
A
TTAi
(k2; k1; k3, ζ; ai; δ) =
= C0 < 0|WT (k2; ai;x =∞)VT (k1; ai;x = 1)WA(k3, ζ;x = 0)|0 >=
= (2pi)p+1δ(
∑
k) α′C0N 2TNAV⊥ (−i)
[
kˆ2 − k̂1
]
· ζ (4.9)
and then ompare with the trunated amplitude omputed either from the anal-
ogous for the antibrane of eq. (4.1) or from eq. (4.2):
< T (k1)T (k2)Ai(k3) >trunc= −i(2pi)p+1δ
(∑
k
)
ie
(
k̂1 − kˆ2
)
i
This leads to the expeted relation
e = −e (4.10)
whih relates the two U(1) oupling onstants.
We an now ompute the other non vanishing 3-point amplitude:
A
TTφ
(k1; k2; k3, a; ai; δ) =
= C0 < 0|WT (k1; ai;x =∞)VT (k2; ai;x = 1)Wφ(k3, a;x = 0)|0 >
= (2pi)p+1δ(
∑
k) 2α′C0N 2TNAV⊥ (−i)
δa
2piα′
(4.11)
whih when ompared with the QFT amplitude
< T (k1)T (k2)φa(k3) >trunc= −i(2pi)p+1δ
(∑
k
)
iνa
yields
νa = −νa = +2e δ
a
2piα′
(4.12)
where we used eq. (4.5) to write the last identity.
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4.3 The two tahyons - two antitahyons amplitude.
We now want to ompute the 2 tahyons - 2 antitahyons amplitude whih is
given by the following expression in the F2 piture
A
TTTT
(k1; k2; k3; k4; ai) +ATTTT (k2; k3; k4; k1; ai) =
= C0
∫ 1
0
dx < 0|W
T
(k1; ai; z =∞)VT (k2; ai; z = 1)VT (k3; ai;x)WT (k4; ai; z = 0)|0 >
+ C0
∫ 1
0
dx < 0|WT (k2; ai; z =∞)VT (k3; ai; z = 1)VT (k4; ai;x)WT (k1; ai; z = 0)|0 >
= 2 ∗ (2pi)p+1δ(
∑
k) C0N 4TV⊥
Γ (2α′K3 ·K4 + 1)Γ (2α′K2 ·K3)
Γ (1 + 2α′K3 ·K4 + 2α′K2 ·K3) (4.13)
where we have introdued the following notations
K1,3 =
(
k̂1,3,− δ
2piα′
)
=
(
k1,3 − pie0a,− δ
2piα′
)
K2,4 =
(
k̂2,4,
δ
2piα′
)
=
(
k2,4 + pie0a,
δ
2piα′
)
The introdution of the shifted momentum kˆ and k̂ is justied by the mass shell
ondition (2.6). By writing this amplitude in this way it an be easily seen to
be the old Lovelae amplitude with a new interpretation, exatly as it happened
with the bosoni tahyon vertex operator (3.6).
It is now worth disussing a subtlety onerning the previous amplitude
(4.13) whih we wrote as the sum of the TTTT amplitude and of the TTTT
amplitude. At rst site this latter amplitude TTTT should not be here sine it is
the ily permutation ot the former: this is not true, this amplitude is dierent
from the rst one onsidered sine the intermediate states are antibrane states.
Another way of explaining why it has to be here is to notie that we have two
photons and eah of them gives raise to its own s and t hannel.
If we introdue the appropriate Mandelstam variables
s = −
(
k̂1 + kˆ2
)2
t = −
(
k̂1 + kˆ4
)2
u = −
(
k̂1 + k̂3
)2
s+ t+ u = 4m2 (4.14)
then the low energy limit (|α′s| ≪ 1, |α′t| ≪ 1, |α′m2| ≪ 1) of the amplitude
(4.13) an be omputed as
A
TTTT
(k1; k2; k3; k4; ai) ∼ (2pi)p+1δ(
∑
k)
1
α′
C0N 4TV⊥
s+ t
st
(1 + α′(s+ t))
It is important to notie that while one would think the fator (1 + α′(s+ t))
to be subleading, it is fundamental for getting both the proper s and t hannel
fatorization and the right quarti oeient λ.
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Following the appendix of ([10℄) we get from the s→ 0 hannel fatorization
at any t on the brane (from the A
TTTT
only) the new relation
e2 =
C0N 4TV⊥
2
⇒ 2α′2C0N 2AV⊥ = 1 (4.15)
while all the other relations whih arise in this and the other hannel are then
trivially satised.
From the the 2 tahyons - 2 antitahyons QFT amplitude in the ase of
undistinguishable worldvolumes as it is an be easily dedued from what is
arefully omputed in app. B using eq. (4.2)
< T (k1)T (k2)T (k3)T (k4) >trunc =
−i(2pi)p+1δ (∑ ki){[4λ+ e2(t−u)+νaνas + e2(s−u)+νaνat ]
+
[
4λ+ e
2(t−u)+νaν
a
s
+ e
2(s−u)+νaν
a
t
]}
and using the values obtained for e (4.15) and for νa (4.20) we an easily get
that
λ =
e2
2
(4.16)
We want to stress that this result is independent of the assumption that the
worldvolumes are undistinguishable sine otherwise we should have onsidered
the two amplitudes A
TTTT
and A
TTTT
separately and we would have obtained
the same result.
The result is also independent of the values of the Mandelstam variables.
4.4 The 4-points amplitude TTφφ.
Let us now turn our attention to the 4-points amplitude whih we need: the
TTφφ amplitude whih is given by
A
TTφφ
(k1; k2; k3, a; k4, b; ai) =
= C0
∫ 1
0
dx < 0|W
T
(k1; ai; z =∞)VT (k2; ai; z = 1)Vφ(k3, a;x)Wφ(k4, b; z = 0)|0 > +(a↔ b) =
= (2pi)p+1δ(
∑
k) (2α′)
2 C0N 2TN 2AV⊥ ∗ δa
2piα′
δb
2piα′
Γ (1 + 2α′k3 · k4) Γ
(
2α′k̂2 · k3
)
Γ
(
1 + 2α′k3 · k4 + 2α′k̂2 · k3
) − δab
2α′
Γ (2α′k3 · k4) Γ
(
2α′k̂2 · k3 + 1
)
Γ
(
2α′k3 · k4 + 2α′k̂2 · k3
) + (k3 ↔ k4)

(4.17)
When we dene the Mandelstam variables for the TT → φφ proess
s = −
(
k̂1 + k̂2
)2
t = −
(
k̂1 + k4
)2
u = −
(
k̂1 + k3
)2
s+ t+ u = 2m2 (4.18)
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the low energy limit (|α′s| ≪ 1, |α′t| ≪ 1, |α′m2| ≪ 1) is then given by
A
TTφφ
(k1; k2; k3, a; k4, b; ai) ∼ (2pi)p+1δ(
∑
k) (2α′)
2 C0N 2TN 2AV⊥[
− 1
α′
δa
2piα′
δb
2piα′
(
1
t−m2 +
1
u−m2
)
− δ
ab
2α′
]
From the fatorization in the t ∼ m2, u ∼ m2 hannels we get the ondition
α′C0N 2TV⊥ = −1 (4.19)
while omparing with the orresponding QFT amplitude
< T (k1)T (k2)φa(k3)φb(k4) >trunc= −i(2pi)Dδ
(∑
ki
)(
2νab +
νaνb
u−m2 +
νaνb
t−m2
)
and using eq.s (4.20,4.15,4.19) we nd the wanted quantity
νab = e
2δab (4.20)
4.5 The 4-points amplitude TTφφ.
The omputations involved in this setion are almost the same as the ones done
in the previous subsetion; we have to ompute the amplitude
A
TTφφ
(k1; k2; k3, a; k4, b; ai) =
= C0
∫ 1
0
dx < 0|WT (k2; ai; z =∞)VT (k1; ai; z = 1)Vφ(k3, a;x)Wφ(k4, b; z = 0)|0 > +(a↔ b) =
= (2pi)p+1δ(
∑
k) (2α′)
2 C0N 2TN 2AV⊥ ∗ δa
2piα′
δb
2piα′
Γ (1 + 2α′k3 · k4) Γ
(
2α′k̂1 · k3
)
Γ
(
1 + 2α′k3 · k4 + 2α′k̂1 · k3
) − δab
2α′
Γ (2α′k3 · k4) Γ
(
2α′k̂1 · k3 + 1
)
Γ
(
2α′k3 · k4 + 2α′k̂1 · k3
) + (k3 ↔ k4)

(4.21)
write the low energy limit (|α′s| ≪ 1, |α′t| ≪ 1, |α′m2| ≪ 1) using the Mandel-
stam variables (4.18)
A
TTφφ
(k2; k1; k3, a; k4, b; ai) ∼ (2pi)p+1δ(
∑
k) (2α′)
2 C0N 2TN 2AV⊥[
− 1
α′
δa
2piα′
δb
2piα′
(
1
t−m2 +
1
u−m2
)
− δ
ab
2α′
]
ompare with the orresponding QFT amplitude
< T (k1)T (k2)φa(k3)φb(k4) >trunc= −i(2pi)Dδ
(∑
ki
)(
2νab +
νaνb
u−m2 +
νaνb
t−m2
)
and nd the expeted result
νab = e
2δab (4.22)
We notie that fatorization in the t and u hannels does not yield any new
ondition on the normalization oeients.
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4.6 The 4-points amplitudes with one brane and one an-
tibrane eld.
We now onsider the TφTφ amplitude that, when we use the same momentum
indexing as in eq. (4.17), is given by
A
TφTφ
(k2; k3, a; k1; k4, b; ai) =
= C0
∫ 1
0
dx < 0|WT (k2; ai; z =∞)Vφ(k3, a; z = 1)VT (k1; a1;x)Wφ(k4, b; z = 0)|0 >=
= (2pi)p+1δ(
∑
k) (2α′)
2 C0N 2TN 2AV⊥ ∗− δa
2piα′
δb
2piα′
Γ
(
2α′k̂1 · k3
)
Γ
(
2α′k̂1 · k4
)
Γ
(
2α′k̂1 · k3 + 2α′k̂1 · k4
) + δab
2α′
Γ
(
1 + 2α′k̂1 · k3
)
Γ
(
1 + 2α′k̂1 · k4
)
Γ
(
1 + 2α′k̂1 · k3 + 2α′k̂1 · k4
)

Using the same Mandelstam variables (4.18) as for the the TTφφ amplitude the
low energy limit (|α′u| ≪ 1, |α′t| ≪ 1, |α′m2| ≪ 1) is then given by
A
TφTφ
(k2; k3, a; k1; k4, b; ai) ∼ (2pi)p+1δ(
∑
k) (2α′)
2 C0N 2TN 2AV⊥[
− 1
α′
δa
2piα′
δb
2piα′
(
1
t−m2 +
1
u−m2
)
+
δab
2α′
]
No further ondition is obtained from the fatorization in the t ∼ m2, u ∼ m2
hannels while the omparison with the orresponding QFT amplitude
< T (k1)T (k2)φa(k3)φb(k4) >trunc= −i(2pi)Dδ
(∑
ki
)(
2ν˜ab +
νaνb
u−m2 +
νaνb
t−m2
)
gives
ν˜ab = −e2δab (4.23)
5 The eetive potentials and Conlusions.
Before deriving the eetive potentials a few words on the role of the GSO
projetion in this derivation are now neessary: we have not mentioned the
GSO projetor until now beause it was not neessary for the omputation of
the low energy ation, would we have been interested in the higher derivatives
orretions then we should have inserted the proper GSO projetor in the 4-
points amplitudes in order to prevent the propagation of unwanted states.
Let us now examine the meaning and the reliability of what we have done:
for distanes near the ritial one, i.e. suh that α′m2 → 0 as α′ → 0, the
tahyon is almost massless and therefore the low energy ation must take it into
aount but now the ritial distane is δ ∼ √α′ whih is of the order of the
lowest distane whih an be probed by strings, therefore it annot be asserted
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without doubts that the two branes worldvolumes are distinguishable, hene we
have to see the onsequenes of assuming them to be distinguishable or to be
undistinguishable.
We start assuming the worldvolumes to be separated and distinguishable in
the eetive theory then, with all the onstants omputed, we an now expliitly
write down the potential as a funtion of the U(1) oupling onstant, of the
distane δa and of the onstant U(1) bakground eld ai as
Veff =
[
e2aiai − 1
2α′
+
(
eφa − δ
a
2piα′
)2]
TT +
e2
2
(
TT
)2
(5.1)
This is the eetive potential on the brane separated from the antibrane, the
eetive potential on the antibrane an be obtained by e→ −e .
This eetive potential (5.1) shows that the tahyon ondenses for all the
distanes, thus breaking the U(1) gauge symmetry and that the transverse u-
tuations φ get an vev proportional to δ. In fat when the brane and the antibrane
are parallel to the the axes and separated only along the, let us say, the ninth
diretion we an shift φ9 = Φ +
δ
2piα′ e and then we an write the mass part of
the eetive potential after the tahyon ondensation as
Vmass =
1
2α′e2
Φ2 +
1
2α′
AiA
i
(5.2)
whih reveals that the only relevant low energy dof are the transverse utua-
tions in diretions dierent from 9. This suggests an alternative way to the one
proposed in ([9℄) for explaining the fate of the gauge symmetry whih seems to
survive on the worldvolume of the oinident brane-antibrane system after the
tahyon ondensation when brane and antibrane annihilate: there is atually
no residual gauge symmetry to bother about. This an be justied by notiing
that for near ritial distanes both the U(1) on the brane and the U(1) on the
antibrane are broken, then we an try to argue that this result is valid to all
distanes by notiing that we have apparently no dependene on the distane
on the tahyon ondensation and that eq. (5.2) an be applied for all distanes.
However
3
, the d.o.f. seem to be wrong beause we have apparently only one
d.o.f. assoiated to the tahyon phase whih we are using to give mass to two
photons; one ould try to argue that the tahyon has a nite size even if it is
massless and therefore it an give nonloal eets. This kind of argument an
eventually be used to explain the appearane of the amplitude TT → φφ whih
from the brane worldvolume point of view is problemati sine it would be seen
as TT → φ whih violates the momentum onservation. We want to point out
that this kind of non loality is also present in the usual parallel branes on-
guration, for example in the W+W− → γ1γ2, where γi is the photon living
on the i-th brane, but now it happens at muh higher energies, of the order
of the Plank mass sine this is the W mass when worldvolumes are denitly
distinguishable; we would therefore expet to see some sign of this in the proper
3
We thank S.-J. Rey for pointing this out to us and for orrespondane on the subjet.
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extension of Dira-Born-Infeld ation sine it an be interpreted as the eetive
ation after the massive mode have been integrated out. Nevertheless we think
that this interpretation is very problemati.
Let us now assume that the other possibility is true, namely that the branes
have an undistinguishable worldvolume even if the distane is almost stringy.
In this ase it is not diult to see that the eetive potential of the system is
given by
Veff−tot =
[
e2 (a− a)i (a− a)i −
1
2α′
+
(
e
(
φ− φ)
a
− δ
a
2piα′
)2]
TT+2∗e
2
2
(
TT
)2
(5.3)
This eetive potential (5.3) shows that the tahyon ondenses for all the
near to ritial distanes, thus breaking the non diagonal U(1) ⊂ U(1) ⊗ U(1)
gauge symmetry sine the tahyon ouples now only to this gauge group as it
an be dedued from the eetive ation (4.2). In this way we are left with the
well known puzzle about the fate of the diagonal U(1) but we solve the previous
puzzle about the d.o.f..
It an also easily be seen that the transverse relative utuations φ−φ (whih
is the partner of A−A in dimensional redution) get an vev proportional to δ;
let us again onsider the same onguration whih led to eq. (5.2), i.e. brane
and antibrane parallel to the the axes and separated only along the the ninth
diretion, then we an shift φ9−φ9 = Φ+ δ2piα′ e and write the mass part of the
eetive potential as
Vmass =
1
2α′e2
Φ2 +
1
2α′
(
A−A)
i
(
A−A)i (5.4)
There is a nie interpretation for the shift φ9−φ9 = Φ+ δ2piα′ e : the brane and the
antibrane tend to move loser, as one would naively expet ([7℄), furthermore
beause of the mass whih is aquired by the Φ, whih deribes the relative
osillation, the system tends to remain stable one it ollapses. We an now
ask ourselves what happens at substringy distanes where the tahyon is a real
tahyon with an absolute mass of the order of the Plank mass. The rst
observation is that we an probably still trust this result sine eq. (5.4) shows
that both Φ and A−A have to be integrated out, their mass being independent
of δ, and there is not any obvious mehanism whih ould make them massless
again. The seond one is that no open string states an break the diagonal U(1)
sine they are desribed by oriented strings whih have opposite harges w.r.t.
the two dierent U(1)s.
As far as the vauum energy density after the tahyon ondensation we an
easily nd
Evacuum−pert = −2 ∗ 1
8α′2 e2
whih is not the true non perturbative value whih has been argued to be equal
to twie the brane tension ([5℄) and whih, in this units, is given by
Evacuum = −2 ∗ 1
4pi2α′2 e2
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as it an be dedue from the Dira-Born-Infeld ation
SDBI =
1
(2piα′)2e2
∫
dp+1ξ
√
− det (η − 2piα′e F ) ∼
∫
1
(2piα′)2e2
− 1
4
F 2
This does not ome as a surprise sine there are not obvious symmetries whih
ould justify the oinidene of the perturbative and non-perturbative results.
This point of view is further supported by the fat that in ([5℄) it was neessary
to use non perturbative arguments to argue the equality of the brane tension
with the vauum energy after the tahyon ondensation.
It is nevertheless important to have found the Mexian hat potential at
this order sine it would have been extremely diult to justify the tahyon
ondensation at higher order.
We an onlude by saying that we have found further evidene for the
tahyon ondensation and shown how the brane-antibrane system beomes bound
beause of tahyon ondensation.
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A Conventions.
• Indexes: µ, ν ∈ {0, . . . , 9},a, b ∈ {0, . . . , p− 1}, i, j ∈ {p, . . . , 10}
• Metri: Gµν = diag(−1, 1, . . . , 1︸ ︷︷ ︸
9
); gαβ = diag(−1, 1)
• Momentum eigenstates normalization in string amplitudes: < k|k′ >=
2pi δ(k − k′)→compact 2piR δk,k′
B Sattering amplitudes in QFT on a toroidal
spae with onstant Wilson lines.
We onsider the following lagrangian whih desribes a omplex tahyon with
quarti potential oupled to a U(1) gauge eld and to n salar elds φ in D
dimension:
L = −1
4
FµνFµν − 1
2
∂µφα∂
µφα −DµT DµT −m2TT
−ναφαTT − ναβφαφβTT − λ
(
TT
)2
(B.1)
where Fµν = ∂µAν − ∂νAµ, Dµ = ∂µ − ieAµ, −m2 > 0 and gαβ = δαβ .
Now we want to ompute some tree level sattering amplitudes, suh as
TT → TT , on a spaetime R ⊗ TD−1 in presene of a onstant potential along
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the ompat diretions Aµ(x) = aµ+Bµ(x) (a0 = 0 ). To this purpose we dene
D(0)µ = ∂µ − ieaµ and we use as free gauge xed lagrangian
L0 = −1
4
∂µAν∂
µAν − 1
2
∂µφα∂
µφα −D(0)µT Dµ(0)T −m2TT
We dene the Fourier transform of a generi eld Φ(x) as
Φ(x) =
∫∑ dk
(2pi)
D
2
eikxΦ˜(k)
We an now apply the standard perturbation theory formula Z[J ] =
∫ DΦexp (i ∫ L+ JΦ) =
exp
(−i ∫ dDx V (−i δ
δJ
))
Z0[J ] where we have expliitly set
∫
JΦ =
∫
dDxT (x)J(x)+
T (x)J(x) +Bµ(x)J
µ(x) +Aα(x)J
α(x) and we obtained
Z0[J ] = exp
(
i
∫∑
dk
Jµ(−k)Jµ(k)
2k2
+
Jα(−k)Jα(k)
2k2
+
J(k)J(−k)
kˆ2 +m2
)
(B.2)
where we have dened the following shifted momenta
kˆµ = kµ − eµ ≡ kµ − eaµ
k̂µ = kµ + eµ ≡ kµ + eaµ
We easily get that the terms in Z[J ] whih ontribute the T matrix are
Z[J ]|(tree)
JJJµ
= −i
∫∑ 3∏
i=1
dki
(2pi)
D
2
(2pi)Dδ
(∑
ki
)
(−ie)
(
kˆ
µ
1 − k̂
µ
2
) iJ(k1)
kˆ21 +m
2
iJ(k2)
k̂
2
2 +m
2
iJµ(k3)
k23
Z[J ]|(tree)
JJJα
= −i
∫∑ 3∏
i=1
dki
(2pi)
D
2
(2pi)Dδ
(∑
ki
)
iνα
iJ(k1)
kˆ21 +m
2
iJ(k2)
k̂
2
2 +m
2
iJα(k3)
k23
and
Z[J ]|(tree)
J2J
2 = −i
∫∑ 4∏
i=1
dki
(2pi)
D
2
(2pi)Dδ
(∑
ki
) iJ(k1)
kˆ21 +m
2
iJ(k2)
k̂
2
2 +m
2
iJ(k3)
kˆ23 +m
2
iJ(k4)
k̂
2
4 +m
24λ− e2
(
kˆ2 − k̂1
)
·
(
kˆ4 − k̂3
)
(k1 + k2)
2 −
ναν
α
(k1 + k2)
2 −e2
(
kˆ4 − k̂1
)
·
(
kˆ2 − k̂3
)
(k1 + k4)
2 −
ναν
α
(k1 + k4)
2

Z[J ]|(tree)
JJJ2α
= −i
∫∑ 4∏
i=1
dki
(2pi)
D
2
(2pi)Dδ
(∑
ki
) iJ(k1)
kˆ21 +m
2
iJ(k2)
k̂
2
2 +m
2
iJα(k3)
k23
iJβ(k4)
k24
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From these terms in the partition funtion we an ompute the trunated Green
funtions as
< T (k1)T (k2)Aµ(k3) >trunc= −i(2pi)Dδ
(∑
ki
)
ie
(
k̂
µ
1 − kˆµ2
)
< T (k1)T (k2)φα(k3) >trunc= −i(2pi)Dδ
(∑
ki
)
iνα
< T (k1)T (k2)φα(k3)φβ(k4) >trunc= −i(2pi)Dδ
(∑
ki
)
2ναβ − νανβ(
k̂1 + k3
)2
+m2
− νανβ(
k̂1 + k4
)2
+m2

< T (k1)T (k2)T (k3)T (k4) >trunc = −i(2pi)Dδ (
∑
ki)4λ− e2
(
kˆ2 − k̂1
)
·
(
kˆ4 − k̂3
)
(k1 + k2)
2 −
ναν
α
(k1 + k2)
2 −e2
(
kˆ4−k̂1
)
·
(
kˆ2−k̂3
)
(k1+k4)
2 − νανα(k1+k4)2

where we have divided by
1
(2pi)
D
2
1
k2
for any φ and A external leg, 1
(2pi)
D
2
1
k̂
2
+m2
for any external T leg and for 1
(2pi)
D
2
1
kˆ2+m2
for any external T leg.
The fators we have to use to nd the trunated Green funtions are derived
from the poles we an read in the 2-points Green funtion whih an immedi-
ately omputed from (B.2), hene we dedue that proper way to measure the
momentum for an antitahyon T (k) is k̂ and similarly for T (k) and kˆ; moreover
this is also supported by the string mass shell ondition (2.6). As a onse-
quene of this observation we dene the Mandelstam variables in the TT → TT
amplitude as follows
s = −
(
k̂1 + kˆ2
)2
t = −
(
k̂1 + kˆ4
)2
u = −
(
k̂1 + k̂3
)2
s+ t+ u = 4m2
so that we an write the amplitude as
< T (k1)T (k2)T (k3)T (k4) >trunc = −i(2pi)Dδ
(∑
ki
)
[
4λ+
e2 (t− u) + νανα
s
+
e2 (s− u) + νανα
t
]
In a similar way we an introdue the proper Mandelstam variables for the
amplitude TT → φφ
s = −
(
k̂1 + kˆ2
)2
t = −
(
k̂1 + k4
)2
u = −
(
k̂1 + k3
)2
s+ t+ u = 2m2
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so that we an rewrite the trunated Green funtion as
< T (k1)T (k2)φα(k3)φβ(k4) >trunc= −i(2pi)Dδ
(∑
ki
)(
2ναβ +
νανβ
u−m2 +
νανβ
t−m2
)
C String vertex operators for the system Dp−Dp
with onstant Wilson lines in the wordvolume
of the brane.
In writing the following vertex operators we denote with ψi the ws fermioni
elds with indexes parallel to the brane, Ψa the ws fermioni elds with indexes
perpendiular to the the brane and Y a the Neumann expansion orresponding
to Xa whih instead have Dirihlet expansion.
In the text we use the same notations of ([11℄) and we denote by WT the
part of V(−1)T independent of ghosts and superghosts, similarly for VT and V(0)T
and all the other vertex operators.
In all the next vertex operators a kind of Chan-Paton fator has to be
understood. Its role is to keep a reord of the point in spaetime where the
string begins; without it there would be no information of this.
Tahyon vertex operators
V(0)T (k, δ; a;x) =
√
2α′NT c
(
(k + pie0a) · ψ + δ
2piα′
·Ψ
)
ei(k+pie0a)·Xei
δ
2piα′
·Y
V(−1)T (k, δ; a;x) = NT ce−φ ei(k+pie0a)·Xei
δ
2piα′
·Y
We have inserted a
√
2α′ in the vertex in the 0 piture beause all the vertex
operators must have the same engineering dimension in spaetime.
Antitahyon vertex operators are obtained by δ → −δ and e0 → −e0.
U(1) gauge eld vertex operators
V(0)A (k, ζ;x) = iNA c ζ ·
(
X˙ − 2α′ ψ k · ψ
)
eik·X
V(−1)A (k, ζ;x) = i
√
2α′NA ce−φ ζ · ψeik·X
We have again inserted a
√
2α′ in the vertex in the −1 piture beause all the
vertex operators must have the same engineering dimension in spaetime.
Transverse eld φa vertex operators
V(0)φ (k, a;x) = iNA c (X ′a − 2α′ Ψa k · ψ) eik·X
V(−1)φ (k, ζ;x) = i
√
2α′NA ce−φ Ψaeik·X
Here we have used the same normalization oeient iNA as for the U(1) gauge
elds beause the are in the same supermultiplet; this an be heked diretly
from fatorization. The presene of the σ derivative in the 0 piture vertex
operator an be easily understood in the old F2 −F1 formalism: infat starting
17
from the vertex operator Wφ(σ = τ = 0) in the F1, a.k.a. −1 piture, we
ompute the vertex in the F2 piture by Vφ(σ = τ = 0) = [Gr,Wφ(σ = τ = 0)],
sine the expressions for the Gr are the same as in the usual NSR string then
the Vφ(σ = τ = 0) has the same expression of the orresponding operator in the
usual NSR theory in term of operators, but now we have Y˙ (σ = 0) = X ′(σ = 0).
Using eq.s (4.5,4.15,4.19) we dedue that the normalization fators are ex-
pressed through the U(1) oupling onstant e and α′ as
NA = e
NT = i(2α′) 12NA
C0 = 1
2α′2V⊥e2
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